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The coefficients of the Benedict-Webb-Rubin equation of state have been developed for 
argon. By employing these coefficients, the volumetric behavior of argon has been predicted 
with an average deviation of 0.241 % for five hundred ninety-seven smoothed and experimental 
data points in the superheated region. 

A t  temperatures below the critical, two sets of Go's, one for the liquid and one for the vapor, 
were needed to relate the vapor pressure to the densities of saturated argon. However, con- 
sistent fugacities for the saturated vapor and liquid argon could not be predicted wi th  these 
Co values. Therefore, another set of C,'s was developed by equating the pure component vapor 
and liquid fugacities along the vapor pressure curve. These values were used to test  the ap- 
plicability of the equation of state to predict derived thermodynamic properties. 

The original BWR expression for calculating isothermal pressure effects on enthalpy was 
modified to include explicitly the temperature dependence of the coefficient C,. Vapor-liquid 
equilibrium relations for the argon-nitrogen system predicted by the standard BWR procedure 
were compared with experimental data. 

The empirical equation of state of Benedict, Webb, 
and Rubin ( 3 )  was originally developed to correlate and 
predict the fugacities of light hydrocarbon mixtures. Since 
its publication, it has been used extensively to represent 
the volumetric and phase relations of light hydrocarbons 
and some nonhydrocarbons. Several papers (3 to 5, 8, 13) 
have been published describing success in predicting high 
pressure phase behavior of multicomponent systems. AS 
the BWR technique gained widespread use, more and 
more shortcomings were reported (8, 1 3 ) .  Most of the 
difficulties have been observed in predicting P-V-T rela- 
tionship within the critical region, and predicting vapor- 
liquid equilibrium ratios at low temperatures. As a result, 
it is widely believed that the BWR equation is inadequate 
for systems at low temperatures. Attempts have been 
made to modify the equation and the combining rules for 
mixtures in order to use it for low temperature predic- 
tions. The limitations of the BWR method and suggested 
modifications have been summarized by Canjar ( 8 ) ,  
Ellington ( 1 3 ) ,  and Lin (20). The application of the 
BWR approach to the cryogenic systems nitrogen-methane 
(26) and nitrogen-carbon monoxide ( 2 4 )  at temperatures 
below 200"R. established that temperature is not a limit- 
ing condition for use of the technique. The results of the 
present work extend the application of the BWR method 
to another cryogenic material, namely, argon. 

As was recently stated by Thodos (25 ) ,  argon is a good 
substance to test the validity of an equation of state. Its 
molecule is monatomic and therefore its properties should 
resemble those expected from a simple fluid as defined by 
Pitzer ( 2 3 ) .  Furthermore, its relatively high atomic 
weight provides a good test for any equation employing 
a high power series in density. Beattie and Bridgeman 
(2) showed that such an equation can apply to argon. 

The BWR equation requires the determination of eight 
coefficients by a lengthy trial and error process. Once the 

coefficients are established they have to be tested. Ap- 
plication of the equation also requires a complicated trial 
and error procedure to h d  the phase densities. Publica- 
tions concerning the BWR equation and its application 
describe methods to evaluate the coefficients (7) and its 
various uses (4 ,  5, 13, 14, 20, 25, 26). However, the 
literature does not give a clear procedure for evaluating 
the effect of temperature on the coefficient which is nec- 
essary for the prediction of vapor pressure. This presenta- 
tion discusses this aspect of the problem. 

The present work involved the following steps: 
1. Establish the eight coefficients for the BWR equa- 

tion by regression analysis of the P-V-T data in the super- 
heated gas phase. 

2. Test the accuracy of pressure predictions in the 
superheated ran e. 

of the equation at temperatures below the critical and 
quantitatively account for it by varying one of the coeffi- 
cients C,. 
4. Test the validity of the above by calculating iso- 

thermal pressure effects on enthalpy and vapor-liquid 
equilibrium ratios ( K  values). 

3. Evaluate t a e temperature effect on the coefficients 

EVALUATION OF BWR COEFFICIENTS FOR ARGON 

The equation of state of Benedict, Webb, and Rubin 
( 3 )  describes the P-V-T properties of both vapors and 
liquids and therefore is suitable for calculating densities, 
fugacities, and isothermal effects on enthalpy and entropy. 
In all its applications the independent variable, at a given 
temperature, is the density. 

The basic formula expresses the pressure P as a func- 
tion of the molal density d. 
P = RTd + ( B,RT - A, - Co/T2)  d2 + (bRT - U )  d3 

+ a d +  (cd3/T2)( l+yd2)exp(-yd2)  (1 )  
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Fig. 1. Standard deviation of pressure vs. assumed y for argon. 

Except for the last term, Equation (1) could be con- 
sidered as a power series of d. In order to utilize conven- 
tional linear regression analysis, a value of y must be as- 
sumed to permit determination of the other seven coeffi- 
cients: B,, A,, C,, b, a, c, and 01. For each assumed value 
of the y the standard deviation of the dependent variable, 
in this case (P - RTd) ,  can then be determined. In 
selecting the term (P - RTd) as the dependent variable, 
this work differs from Brough (7) and others who utilized 
(2 - 1) as the dependent variable. 

For the evaluation, five hundred ninety-seven P-V-T 
points for argon in the gaseous phase were used. They 
contained experimental data which had been published by 
Michels et al. (21, 2 2 ) ,  as well as some smoothed values 
from Din's tabulation (11). The data covered the tem- 
perature range of 290" to 1,080"R. and the pressure 
range of 14.7 to 7,500 lb./sq. in. abs. 

The calculations were carried out on an IBM-7094 
computer, utilizing a multiple regression analysis tech- 
nique ( 1 2 ) .  The coefficients of the linear terms were 
evaluated for different values of 7's. In each case the 
standard deviation was plotted a ainst the corresponding 

mum standard deviation. The selection of the best value 
was done graphically as shown in Figure 1 and the cor- 
responding set of coefficients is given in Table 1. Numeri- 
cally, the minimum standard deviation is 18.8 lb./sq. in. 
abs. 

The ability of the BWR equation of state to represent 
the P-V-T behavior of argon was tested by comparing 
pressures calculated from submitted values of tempera- 
ture and volume. The smoothed values tabulated by Din 
( 1 1 )  and the experimental data of Whalley ( 2 7 )  were 
used for this comparison. Representative comparisons are 
shown in Figure 2. The average percentage deviation be- 

assumed value of y to establish t a e one having the mini- 

TABLE 1. CONSTANTS FOR BWR EQUATION 
OF STATE FOR ARGON AND NITROGEN 

Argon Nitrogen 
Constant (present work) ( 2 0 )  

Bo 
Ao 
co x 10-8 
b 

c x 10-8 
U 

a 

Y 

0.356939 
3105.10 
1.60560 

0.552433 
1741.87 
1.56230 

0.146285 
0.60 

0.733661 
4496.95 

0.719534 
0.508467 
900.069 
1.07267 
1.19838 
1.92541 

P = lbJs . in. abs. T = "R. = 'F. + 459.688. d = 1b.-mole/cu. A. 
R = 10.73d ( consistent with references 3 to 5 ) .  
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Fig. 2. Deviations in pressure predictions from literature values for 
argon. 

tween Din's values and the predicted pressures was 
0.214%. The largest deviations were observed along the 
isotherm closest to the critical. The maximum error was 
4.26%. The same comparison with five isotherms of Whal- 
ley ( 2 7 )  resulted in a deviation of 0.45%. 

FUGACITY COMPUTATIONS AND FITTING THE BWR 
EQUATION TO SATURATED ARGON 

The original objective in developing the BWR method 
was to obtain a procedure for calculating the fugacities of 
components in both their pure state and in mixtures. It 
follows therefore that the equation of state when applied 
to either of the phases at equilibrium must predict the 
same pressure and the same fugacity, that is 

and 
PL = P y  

f L O  = fv" 
The fugacity of either of the phases, related to the fu- 

gacity at unit pressure, is calculated from the following 
relationship: 

RT In f = RT In RTd + 2 (B,RT - A, - C, /T2)d  

+ (3/2) (bRT - a )  d2 + (6/5) md5 

The variables in Equation (4) ,  including the density d, 
are the same as those in Equation (1). 

For a pure compound, Equation ( 3 )  must be satisfied 
along the vapor pressure curve. Benedict, Webb, and 
Rubin ( 5 )  pointed out that the coefficients of Equation 
(1) vary with the temperature along the vapor pressure 
curve; but for practicality, they recommended changing 
only the coefficient C, with temperature. 

Equation (1) can be used to evaluate C, at each tem- 
perature from the vapor pressure and the density of either 
the saturated vapor or the saturated liquid. Data on the 
vapor pressure of argon were published by Baly ( I ) ,  
Clark et al. (9),  and Michels et al. ( 2 2 ) .  The properties 
of saturated argon were smoothed and were tabulated by 
Din ( 1 1 ) .  These data were utilized to calculate values 
of C, along the vapor pressure curve. Two values of C, 
rather than the expected single value were obtained at 
each temperature, one for the vapor and one for the liq- 
uid. Furthermore, when these values were used to cal- 
culate fugacities, the requirement of Equation ( 3 )  could 
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not be met. I t  was obvious that these Cis  could not be 
used to calculate phase equilibria and another approach 
was necessary. 

To develop a set of Cis which can be used in predict- 
ing phase equilibria, the following procedure was adopted. 
At each temperature, a value of C, was assumed, the den- 
sities of the two phases at the vapor pressure were estab- 
lished by trial and error from Equation ( l ) ,  and the fu- 
gacity of the component in each of the phases was cal- 
culated via Equation (4). This procedure was repeated 
until the requirement of Equation (3) was satisfied. The 
final values of C ,  thus established for argon along its vapor 
pressure curve and the corresponding fugacities are given 
in Table 2. Fugacities of a saturated simple fluid at the 
same corresponding state were computed from Pitzer's 
relationships ( 2 3 ) ;  these are also listed in Table 2. The 
comparison of fugacities obtained with the two methods 
was needed to verify that the tfial and error procedure 
resulted in coefficients that will yield thermodynamically 
acceptable fugacities. 

It was noticed that at low temperatures and pressures 
the fugacity of the saturated liquid is sensitive to varia- 
tions in the fourth decimal place of C,, while the vapor 
fugacity is hardly affected. On the other hand, variations 
in C, within the vicinity of the critical point equally affect 
both phases and which make it difficult to zero in on the 
final values of C,. Pitzer's fugacities were used as guides 
for selecting the final values. The above discussion is il- 
lustrated in Figure 3. Almost any value of C, within the 
segment enclosed by AB and AC would yield results close 
to satisfying Equation (3 ) .  The solid curve, however, 
represents the values that yield fugacities close to those 
calculated by Pitzer's method. The value of C, = 1.562 x 
lo8 at the critical point is somewhat lower than the value 
established for the superheated region (1.6056 x 108). 
Extrapolation of the curve AC beyond the critical point 
qualitatively indicated a possibility of improving the utili- 
zation of the BWR equations on both sides of the critical 
point. 

VALIDITY TESTS BY CALCULATING DERIVED 
PROPERTIES 

The validity of an equation of state undergoes a severe 
test when its derivatives are used to calculate the enthalpy 
difference H P  - H' which results from isothermal pres- 
sure effects. The original expression of Benedict, Webb, 
and Rubin (3) for calculating the above difference was 
modified in the present work to reflect the temperature 
dependence of the coefficient C, along the vapor pressure 
curve. 

TABLE 2. c o  OF SATURATED ARGON 

FROM FINAL TRIAL EQUATING FUGACITIES 

Fugacity, Ib./sq. in. abs. 
Pitzer's ( 23 ) 

T o ,  "R. in. a h . "  Co x 1 0 W S f  f ( 0 )  BWR 
P o ,  Ib./sq. 

149.8 
157.1 
170.0 
178.6 
199.8 
210.3 
234.1 
250.3 
263.0 
271.3 

9.99 
14.70 
29.39 
44.09 

102.87 
146.96 
293.92 
440.88 
587.84 
705.41 

1.319 
1.350 
1.378 
1.399 
1.447 
1.468 
1.517 
1.537 
1.553 
1.561 

9.72 
14.2 
27.9 
41.2 
91.6 

127.2 
222.5 
315.4 
403.1 
470.5 

Vapor pressure data from references 6 and 8.  + For units see Table 1. 
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Fig. 3. Values of C, for argon obtained from fugacity equalization. 

Starting with the following expression of the enthalpy 
w 

departure in terms of the Helmholtz free energy A 

HP - H" = A - T ( $- ) + P/d  ( 5 )  
d,x 

and replacing the various terms by the corresponding 
derivatives of the BWR equation, one obtains 

6 + (bRT - 1.5~)@ + - 5 aadj 

Equation (6)  is different from the original BWR ex- 
pression ( 3 )  as it includes the term (l/T)/(dC,/dT). 
An analytical expression relating C, to the temperature 
was derived from the values in Table 2 to enable compu- 
tation of argon enthalpies with Equation (6) .  In the ab- 
sence of experimental calorimetric data, computed values 
of H* - H" were compared against literature values that 
had been obtained by differentiating and integrating 
P-V-T data. Sample comparisons are shown in Table 3. 
The comparison would be more significant if calorimetric 
data were available. With the exception of the value at 
the critical point, relatively good agreement was observed 
between enthalpies calculated with Equation (7)  and 
literature values (1 1 ) . The average difference is less than 
1.5 B.t.u./lb. 

The applicability of the BWR coefficients of argon to 
vapor-liquid equilibrium calculations was tested by com- 
paring predicted K values with the experimental argon- 

TABLE 3. ENTHALPY DEVIATIONS FROM THE 

IDEAL STATE FOR LIQUID ARGON AT SATURATION 

p ,  (HP - H")T, B.t.u./lb. 
T o ,  O R .  Ib./sq. in. abs. AHDin(11) AHBWR 

157.10 14.70 -70.15 -67.52 
170.00 29.29 -68.45 -66.59 
178.70 44.09 -67.19 -65.57 
199.80 102.87 -62.76 -62.16 
210.30 146.96 -61.29 -60.11 
234.10 293.92 -55.73 -54.53 
250.30 440.88 -50.25 -49.77 
263.00 587.84 -45.66 
271.30 705.41 -33.27 

,-45.34 
41.68 
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Fig. 4. Values of C, for nitrogen obtained from fugacity equalization. 

nitrogen data of Holst (18)  and Wilson et al. ( 2 8 ) .  For 
this purpose a set of temperature dependent C, for nitro- 
gen was obtained by the fugacity equalization procedure 
described previously, since the few points in the literature 
(14, 26) could not be interpolated. These are shown in 
Figure 4. Predicted equilibrium constants in the tempera- 
ture range 135” to 233”R. agreed within +5% with the 
experimental data. However, the comparisons also indi- 
cated certain trends. Most of the predicted values were 
larger than Wilson’s data (28)  and a maximum deviation 
of 25% was observed. 

CONCLUSIONS 

1. The BWR equation of state with the coefficients de- 
veloped for argon accurately represent the volumetric be- 
havior of this substance in the superheated region. How- 
ever, two different values of Co at each temperature, one 
for the vapor and one for the liquid, are necessary if the 
equation of state is to be used to calculate the volumetric 
behavior of the saturated phases along the vapor pres- 
sure curve. 

2. When the BWR procedure with the above values of 
C, is used to calculate the fugacities of saturated vapor 
and liquid, different values are obtained for each phase; 
consequently, another set of C ~ S  had to be obtained by 
trial-and-error matching the fugacities of the saturated 
vapor and liquid. The set thus obtained is more useful in 
calculating phase equilibria and enthalpies. 

3. Predicted liquid enthalpies of argon, calculated by 
the modified BWR expression which takes into account 
the temperature dependence of the coefficient C,, were in 
good agreement with the experimental data. Although 
vapor-liquid equilibrium constants can be predicted with 
an average deviation of 5% from the experimental data, 
additional studies on mixing rules and mixing effects in 
the argon-nitrogen system are recommended. 
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NOTATION 

A,, a, B,, b, C,, c, a, y = constants of the BWR equation 
of state 

= Helmholtz free energy, B.t.u./lb.-mole 
= molal density, 1b.-mole/cu. ft. 
= fugacity, Ib./sq. in. abs. 

d 
f 

H - enthalpy, B.t.u./lb. 
K = equilibrium constant, dimensionless 
P 
R = universal gas constant 
T = temperature, OR. 
x = mole fraction of liquid 
y = mole fraction of vapor 

= pressure, lb./sq. in. abs. 

Subscripts 
L = liquid 
V = vapor 
i = indexing of components 

Superscripts 
* = ideal gas behavior 

p 
0 = pure compound property 

= property at system pressure 
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